Abstract: This work addresses the design of stochastically resilient or non-fragile continuous-time Luenberger observers for systems with incrementally conic nonlinearities. Such designs maintain the convergence and/or performance when the observer gain is erroneously implemented due possibly to computational errors i.e. round off errors in computing the observer gain or changes in the observer parameters during operation. The error in the observer gain is modeled as a random process and a common linear matrix inequality formulation is presented to address the stochastically resilient observer design problem for a variety of performance criteria. Numerical examples are given to illustrate the theoretical results.
INTRODUCTION
An observer whose performance deteriorates considerably or diverges easily by a small perturbation in the observer gain is referred to as a "fragile" or "non-resilient" observer. Resilience refers to the insensitivity to gain changes whereas robustness usually implies insensitivity to plant or design parameters. The concept of fragility of controllers is introduced in (Keel and Bhattacharyya, 1997) . It is shown that even vanishingly small perturbations in the control coefficients may destabilize the closed-loop system. After the publication of (Keel and Bhattacharyya, 1997) , the subject of fragility has gained more attention. A quadratic optimal state feedback controller that is resilient against perturbations in control gain is proposed in . In (Dorato, 1998) , an overview of the resilient design techniques is presented. The resilience of control systems in digital implementation of a continuous time controller design is investigated in (Keel and Bhattacharyya, 1998) . The synthesis of a resilient regulator for linear systems is described in . In (Takabashi, et al., 2000) , the design of robust non-fragile state feedback controllers with controller gains in a given polytope is addressed. Robust non-fragile Kalman filter design for a class of linear systems with norm-bounded uncertainties and multiplicative uncertainties in the filter gain is given in (Yang and Wang, 2001) . Resilient filtering for a class of linear continuous-time systems with norm-bounded uncertainties and multiplicative and additive perturbations is investigated in (Mahmoud, 2004) .
In the present paper, different approach to resilience is taken for the continuous-time models in that the observer gain perturbation is stochastic in nature. In this sense, it is the non-trivial continuous-time nonlinear extension of the stochastically resilient discrete-time observer design paper by the authors (Yaz, et al., 2006) . A novel design of stabilityand performance-resilient observers is introduced in continuous-time for a variety of performance criteria. Process and measurement disturbances are of finite-energy type and the observer gain perturbations are modeled as a broadband noise process. Various design formulations are expressed in a general linear matrix inequality (LMI) (Boyd, et al., 1994) framework. This result is a natural follow up to the result for linear models in (Jeong, et al., 2007) . This result is also the extension of (Jeong, et al., 2008) to the stochastically resilient case. Some illustrative examples are also included to depict the feasibility regions of the design LMI and the change in estimation error behaviour based on different performance criteria used in design.
The following notation is used in this work: 
The nonlinear vector function f is assumed to be a measurable function of its arguments, and it satisfies the following incrementally conic condition Note that the Lipschitz condition is a special case of the condition (1-c) where
Consider also the formal representation (Arnold, 1974) , (Gard, 1988 ) of a stochastic state observer in the Luenberger form:
where ) (t Δ represents the time-varying error either in computing the observer gain K or during the operation of the observer. In this work, a formal stochastic description of the error in the filter gain is given as follows: because this allows models where, in addition to an original computational error mode in the gain, different amounts of perturbations that may occur during operation. This is the generalized form of the random constant perturbation model, which has been used in robustness studies involving structured parameter perturbations (Yaz, 1995) .
Let ê x x
− denote the state estimation error. Substituting from equation (1-a), (1-b) and (2), we find that the error dynamics obey the following Ito differential equation (Gard, 1988) : (Arnold, 1974) , (Gard, 1988) of (4). It will be later shown that satisfaction of this inequality will make it possible to realize various design objectives. For the chosen V, this yields: Let us now interpret inequality (6). Substituting ( ) V t into (6), integrating and taking the expectation using stochastic calculus (Arnold, 1974) , (Gard, 1988) gives
or the generalized performance criteria shown to allow several optimization formulations possible in a unified eigenvalue problem (Boyd, et al., 1994) 
As described above, the LMI formulation to be given below enables us to design various observers according to different performance criteria in a common framework.
4. LMI FORMULATION The non-noisy and noisy cases will be treated separately in the following development. First, consider inequality (6) (7) yields Using the Schur's complement (Boyd, et al., 1994) for the matrix in brackets yields In the noisy case, similar arguments will lead to 11 1 12 22 
Using the Schur's complement result (Boyd, et al., 1994) , (17) Then for different choice of design parameters δ, β, and ε , the inequalities (11)- (15) 
H 2 -Observer
Input Strict Passivity A 0.5 0.5 0.5,0.7,0.9 Fig. 1 shows how the feasibility region for the H 2 suboptimal resilient observer gets smaller as δ increases, as expected. This is because it becomes more difficult to satisfy the bound on the output energy which keeps getting smaller in (10). because the dissipation rate increases with ε and it becomes more difficult to satisfy (13) with increasing ε .
Example 2. This example contains a comparative study of the error responses of observers for various performance criteria. Consider the following unstable nonlinear system 1 1 1 2 2 0 0 1 sin 0 0
which is simulated with the resilient observer using randomly generated (standard normally distributed white noise) ) (t Δ to test the resilience of our design. A first-order discretized equivalent (Gard, 1988) , with the sampling period T = 0.01 sec, of the stochastically perturbed estimation error equation is used in simulations. The m.s. H 2 observer (for
), m.s. input strict passivity, and m.s. output strict passivity were chosen to show the differences in response for these different performance criteria using the proposed design methodology. Table 2 . shows the design parameters used in simulation studies. Each simulation result was averaged over 30 runs. The states variables and estimation error norm plots for each case vs. time in seconds are given in Fig.s 3-5 . Notice the change in the response magnitude and shape for different criteria. Fig. 6 is the comparison of the norm of the error for the same three performance criteria. The H 2 -Observer seems to produce the fastest response due to the absence of the external disturbance. This paper has presented a simple solution to the problem of stochastically non-fragile or resilient observer design for continuous-time nonlinear systems with finite energy type additive disturbances where the observer gain is randomly perturbed due possibly to computational errors or changes during operation. An LMI based approach has been proposed to design observers with guaranteed stochastic performance and/or stability and the theoretical results introduced have been accompanied by numerical studies.
